Abstract. In this article we consider numerical approximation of structured singular values (µ−values).
Introduction
The Structured Singular Values known as µ-values is a well-known mathematical tool in control, introduced in 1981 by J. C. Doyle [13] . They can be used to discuss stability of linear systems subject to certain perturbations. Applications of structured singular values in engineering system are described in [14] . The exact computation of µ−values is known to be an NP-hard problem see [2] .
A considerable effort has been made to compute the lower and upper bound for structured singular values.
The power method [10] provides a lower bound for µ−values when we consider pure complex perturbations.
It however fails to converge for pure real uncertainties for more details see [16] . The upper bound of µ-values provides critical information which guarantees the stability of feedback linear systems. The well-known Matlab function mussv available in MATLAB control toolbox approximates an upper bounds for structured singular values by means of diagonal balancing and Linear Matrix Inequality techniques [5] . The methodology proposed in [12] is based on a two level algorithm, inner and outer algorithm. In inner algorithm, we attempt to solve an optimization problem while outer algorithm allows us to compute an extremizer by varying a small parameter .
In [4] , Danielson used symmetric groups to design model predictive controllers with reduced complexity for constrained linear control systems. In model predictive control, the control input is obtained by solving a constrained finite time optimal control problem. For a piecewise affine control law symmetries are statespace and input-space transformations that relate controller pieces. Using symmetry he could discard some of the pieces of a given controller. These discarded pieces can also be reconstructed using symmetry. Using symmetries of the control system he was able to reduce the complexity of the controller and save memory without sacrificing performance. It was also noted that the amount of reduction in complexity depends on the number of symmetries possessed by the system. For systems with large symmetry groups the techniques presented in [4] can significantly reduce the complexity of the piecewise affine control-law produced using explicit model predictive control.The goal of this article is to compute the µ−values for matrices corresponding to a control system whose symmetry group is S 5 . We present a comparison between lower bounds of µ-values approximated by mussv and the algorithm presented in [12] .
Basic Framework
Let C n,n (R n,n ) denote the collection of n × n complex (real) matrices and let M ∈ C n,n . We denote a family of block diagonal matrices by
In the above equation, I i is an identity matrix having dimension i.
Definition 2.1. [9] . The structured singular values denoted by µ for a given matrix M ∈ C n,n or M ∈ R n,n and a set of block diagonal matrices Θ B is defined as
In above definition 2.1, det(·) represent the determinant of a matrix (I − M ∆) while minimum is over an admissible perturbation ∆.
In this particular case we will denote the set of pure complex uncertainties by Θ B . If ∆ ∈ Θ B , there is a function exp(iΦ)∆ ∈ Θ B for any real number Φ and as a consequence we have ∆ ∈ Θ B such that the spectral radius of M ∆ attains the exact value 1 iff there is ∆ * ∈ Θ B such that M ∆ * has the eigenvalue 1. The perturbation ∆ * is constructed in such a way that it possesses a unit 2-norm and as result det(I −M ∆ * ) = 0.
The above construction allows us to write an alternate definition of µ-values when pure complex uncertainties are under consideration.
In Equ. (2.2), ρ(·) denotes the spectral radius of a matrix M ∆.
2.1. The µ-value based on a structured spectral value set. For a given n-dimensional complex matrix M ∈ C n×n and a perturbation level the structured spectral value set is the collection of all eigenvalues of
where Λ(·) denotes the spectrum of a matrix and ∆ 2 = 1. For mixed real and complex uncertainties, we let
The formulation in Equ. (2.4) allows us to write down structured singular values defined in Equ. (2.2) as follows:
While on the other hand when pure complex uncertainties are under consideration then Equ. (2.3) allows us to alternatively express µ-value as
2.2. Mathematical Problem. We consider the following optimization problem,
where η ∈ Σ Θ B 0 (M ) for some fixed parameter 1 > 0. It is clear from the above discussion that the µ-value µ Θ B (M ) is the reciprocal of the minimum value of 1 for which η( 1 ) = 0. Therefore we suggests a two-level algorithm that is inner and outer algorithm. For inner algorithm, we solve Equ. (2.7) by constructing and then solving a gradient system of ordinary differential equations. While for the case of outer algorithm, we make use of an iterative method to first vary the perturbation level 1 . This gives the knowledge of the computation of derivative of a local extremizer say ∆( 1 ) with respect to some fixed parameter 1 .
We addressed the case of a purely complex uncertainties when Θ * B by taking the inner algorithm in order to compute a local optimum for
1 (M ) which yields a lower bound for the µ-value in case of pure complex perturbations that is µ ∆ * B (M ).
Purely Complex uncertainties
In this section, we give a solution of the maximization problem (2.8) for M ∈ C n,n while considering the set of pure complex uncertainties given below
The following lemma describes the behavior of the eigenvalues of a matrix valued function.
Lemma 3.1. For a family of matrices Υ : R → C n,n suppose that λ 1 (t) is an eigenvalue of a matrix valued function Υ(t) which converges to a simple eigenvalue λ of Υ 0 = Υ(0) as t → 0. Then λ 1 (t) is analytic near t = 0 with [12] . Let
In above equation the ∆ local possesses a unit 2-norm and is a local extremizer of Λ Θ * B 1 (A). Further suppose that the matrix ( 1 M ∆ local ) possesses a simple greatest eigenvalue that is λ 1 = |λ 1 |e iθ , with the right and left eigenvectors v and w which are scaled so that s = e iθ w * v > 0. partitioning of u and v yields
additionally we assume that
Then
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System of ODEs to compute extremal points of
. We now compute a local maximizer
For this we first construct a matrix valued function ∆(t) in such a way that the greatest eigenvalue λ (t) of the matrix ( 1 M ∆(t)) has the maximum growth. We then derive and solve a gradient system of ordinary differential equations which satisfies the initial choice ∆(0).
3.2.
The local optimization problem. Let λ 1 = |λ 1 |e iθ be a simple eigenvalue. Further suppose that v, w are normalized so that
By making use of Lemma 3.1, we have
where u = M * w. For ∆ ∈ Θ B we aim to compute the direction∆ = τ that maximizes the local growth of the modulus of λ 1 . We get
as a solution of the optimization problem
and
In the following Lemma 3.2.1, we give the solution τ * of the optimization problem as discussed in the (3.8).
Lemma 3.2.1 [12] .
The coefficient ν i > 0 is the reciprocal of the absolute value of the expression appearing in the right-hand side in Equ. We write down the result as obtained in the previous Lemma 1.2 as: 
In the above equation v(t) is an eigenvector having the unit 2-norm ans is associated to a simple eigenvalue λ (t)
of the matrix ( 1 M ∆(t)) for some fixed parameter 1 > 0. The differential equation (3.13) is a gradient system of ordinary differential equations because it's the right-hand side is the projected gradient of τ → Re(u * τ v).
3.4. Choice of initial value matrix and 0 . In order to compute 0 we choose the initial value matrix
where D is the positive diagonal matrix such that ∆ 0 ∈ Θ B . As a natural choice for the initialization of the perturbation level, we take 0 as
where µ Θ B (M ) is the upper bound of µ-value approximated by mussv.
Numerical Experimentation
In this section, we present the main contribution which is the numerical approximation of both lower and upper bounds of µ-values. These results are computed by well-known Matlab routine mussv and the algorithm [12] .
Example 1. In table 1, we give comparison of numerical approximation to both lower and upper bounds of structured singular values approximated by the well-known MATLAB routine mussv and algorithm [12] for the matrix A 4 . The matrix A 4 is gievn as below. In first column of approximated by MATLAB routine mussv and the lower bound µ N ew l approximated by algorithm [12] respectively. In the table 3, we give comparison of numerical approximation to both lower and upper bounds of structured singular values approximated by the well-known MATLAB routine mussv and algorithm [12] for the matrix A 5 . The matrix A 5 is gievn as below. In first column of table 3, we present the size of the matrix A 5 . While in the next column, we present the family of block diagonal matrices which is denoted by Θ B . In the third, fourth and fifth columns we present both upper and lower bounds that is µ In the following table 4, we give comparison of numerical approximation to both lower and upper bounds of structured singular values approximated by the well-known MATLAB routine mussv and algorithm [12] for the matrix B 5 . The matrix B 5 is gievn as below. In first column of table 4, we present the size of the matrix B 5 . While in the next column, we present the family of block diagonal matrices which is denoted by Θ B . In the third, fourth and fifth columns we present both upper and lower bounds that is In table 5, we give comparison of numerical approximation to both lower and upper bounds of structured singular values approximated by the well-known MATLAB routine mussv and algorithm [12] for the matrix A 6 . The matrix A 6 is gievn as below. In first column of table 5, we present the size of the matrix A 6 . While in the next column, we present the family of block diagonal matrices which is denoted by Θ B . In the third, fourth and fifth columns we present both upper and lower bounds that is µ 
Consider the perturbation set as
By applying MATLAB function mussv, we have obtained the perturbation ∆ with In the following table 6, we give comparison of numerical approximation to both lower and upper bounds of structured singular values approximated by the well-known MATLAB routine mussv and algorithm [12] for the matrix B 6 . The matrix B 6 is gievn as below. In first column of table 6, we present the size of the matrix B 6 . While in the next column, we present the family of block diagonal matrices which is denoted by Θ B . In the third, fourth and fifth columns we present both upper and lower bounds that is µ Example 4. In the following example, we consider a five dimensional complex matrix A 7 given as, In the following example, we consider a five dimensional complex matrix B 7 given as, 
Conclusion
In this article we have considered the numerical approximation of µ-values for the matrix representations of finite symmetric groups S n over the filed of complex numbers by using well-known MATLAB function mussv and algorithm [12] . The experimental results indicates the different behaviors of lower bounds of µ-values with once computed by mussv and our algorithm.
